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Abstract 

In abstract Yang-Mills theory the standard instanton construction re- 
lies on the Hodge star having real eigenvalues which makes it inapplica- 
ble in the Lorentzian case. We show that for the affine connection an 
instanton-type construction can be carried out in the Lorentzian setting. 
The Lorentzian analogue of an instanton is a spacetime whose connection 
is metric compatible and Riemann curvature irreducible ( "pseudoinstan- 
ton"). We suggest a metric-afhne action which is a natural generalization 
of the Yang-Mills action and for which pseudoinstantons are stationary 
points. We show that a spacetime with a Ricci flat Levi-Civita connection 
is a pseudoinstanton, so the vacuum Einstein equation is a special case 
of our theory. We also flnd another pseudoinstanton which is a wave of 
torsion in Minkowski space. Analysis of the latter solution indicates the 
possibility of using it as a model for the neutrino. 
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1 Statement of the problem 



We consider spacetime to be a connected real oriented 4-manifold M equipped 
with a Lorentzian metric g and an affine connection T. The 10 independent 
components of the metric tensor g^,y and the 64 connection coefficients F^^j^ are 
the unknowns of our theory, as is the manifold M itself. 

It is known (see Appendix B.4 in 0] as well as Appendix ^ in our paper) that 
at each point x £ M the vector space of (real) Riemann curvatures decomposes 
under the Lorentz group into a direct sum of eleven invariant subspaces which 
are irreducible and mutually orthogonal. Given a Riemann curvature R we will 
denote by R'^^\ j = 1, . . . ,11, its irreducible pieces. 

The natural inner product on Riemann curvatures is 



(i?, Q) :— j R^\f_iu Q 



We denote := {R,R). Of course, our inner product is indefinite, so 

does not have a particular sign and we cannot attribute a meaning to itself. 
We define our action as 
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5:=5]c,||i?(^)|P, (1) 

where the Cj 's are real constants. Note the analogy between formula (|l|) and the 
potential energy of an isotropic elastic body, see formulae (4.2), (4.3) in The 
only difference is that in the theory of elasticity the field strength is the defor- 
mation tensor (rank 2 symmetric tensor) rather than Riemann curvature, and 
it has two irreducible pieces (shear and hydrostatic compression) rather than 
eleven. Note also that the idea of using an action of the type (|]) goes back to 
Weyl who argued at the end of his 1919 paper |^ that the most natural gravita- 
tional action should be quadratic in curvature and involve its irreducible pieces 
as separate terms. Weyl wrote: "I intend to pursue the consequences of this 
action principle in a continuation of this paper". (Translation by G. Friesecke.) 
It is regrettable that Weyl never carried out this analysis. 

Variation of the action (|^) with respect to the metric g and the connection 
F produces Euler-Lagrange equations which we will write symbolically as 

dS/dg = 0, (2) 
dS/dT = 0. (3) 

Our objective is the study of the combined system (||), (||). This is a system of 
10 -|- 64 real nonlinear partial differential equations with 10 + 64 real unknowns. 

Remark 1.1 It is easy to see that the action ^ is conformally invariant, i.e, 
it does not change if we perform a Weyl rescaling of the metric g — > e^^ g, 
f : M M., without changing the connection F (here it is important that in the 
metric-affine setting the metric and the connection lead a separate existence). 
Therefore, the number of independent equations in ^ is not 10 hut 9. 
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Following Eisenhart 0] we call a spacetime Riemannian if its connection is 
Levi-Civita (i.e., T^fj^^ ^^'-^ non- Riemannian otherwise. Here "Rieman- 

nian" does not imply the positivity of the metric, the latter being assumed to 
be Lorentzian throughout the paper. 

In the special case 

ci = . . . = cii = 1 (4) 

the functional becomes This is the Yang-Mills action for the afRne 

connection, and equation (|^) is the corresponding Yang-Mills equation. The 
latter was analyzed by Yang ||]. Yang was looking for Riemannian solutions, 
so he specialized equation to the Levi-Civita connection and arrived at the 
equation 

VxRic^^. - VnRicx,. = 0. (5) 

Here "specialization" means that one sets T^^jy = 1^,^} after the variation in 
r is carried out. An immediate consequence of equation (|^) is the fact that 
Einstein spaces satisfy the Yang-Mills equation (||). 

A number of other authors observed, still under the assumption (0), that 
a much stronger result is true: Einstein spaces satisfy both equations (||) and 
{||). An elegant explanation of this fact in terms of double duality was given by 
Mielke Mielke's paper was written for the case of a positive metric but the 
result remains true for the Lorentzian case, the only difference being that one 
has to change signs in double duality formulae. We shall therefore refer to the 
special case (^) of the model (|^), (||) as the Yang-Mielke theory of gravity. 

Apart from ^ there have been numerous other publications on the subject, 
with many authors independently rediscovering known results. One can get an 
idea of the historical development of the Yang-Mielke theory of gravity from 
|, |, |l^, lllj-il- Of these publications the most remarkable is 
the Mathematical Review |S ] : the author of the review noticed a fact missed in 
the paper under review 0, namely, that Einstein spaces are stationary points 
of the Yang-Mills action with respect to the variation of both the metric and 
the connection, a fact repeatedly rediscovered in later years. 

Our aim is to develop the Yang-Mielke theory of gravity by 

• dropping the requirement (^), 

• looking for Riemannian solutions other than Einstein spaces, and 

• looking for non-Riemannian solutions. 



2 Main result 

The following definition is crucial in our construction. 

Definition 2.1 We call a spacetime a pseudoinstanton if its connection is met- 
ric compatible and Riemann curvature irreducible. 
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Here irreducibility of Riemann curvature means that of the eleven R^^^ 's all 
except one are identically zero. In fact, metric compatibility cuts the number 
of possible irreducible pieces to six. Explicit formulae for the latter are given at 
the end of Appendix 



Definition 2.1 is motivated by the analogy with abstract Yang-Mills theory 
in Euclidean space, see Sections 3 and 4 of Chapter 1 in . Indeed, the notion 
of an instanton is based on the decomposition of the vector space of curvatures 
into two subspaces which are invariant under the action of the orthogonal group 
on the external indices. (We call the Lie algebra indices of curvature internal, 
and the remaining ones external.) The case of the affine connection is special 
in that the internal and external indices have the same nature, so it is logical 
to apply (pseudo)orthogonal transformations to the whole rank 4 tensor. This 
leads to a richer algebraic structure. 
Our main result is 

Theorem 2.1 A pseudoinstanton is a solution of the problem 



In Section ^ we prove Theorem 2.1, and in the remainder of the paper we 



use this theorem for constructing families of solutions of the system (^), (^). 

3 Notation 

Our notation follows ||l^. In particular, we denote local coordinates by x'', 
/z = 0,1,2,3, and write :— d/dx^. We define the covariant derivative of a 
vector function as V^w'*' := df^v^ + T'^^„v'^, torsion as T^^j,^ :— F'^^^ — T^^f^ , 
contortion as 

K\.:^^{T\, + T^\ + T,\) (6) 
(see formula (7.35) in [p^), Riemann curvature as 

Ricci curvature as Ricxu :— R'^xkv , scalar curvature a,s TZ := Ric^x , and trace 
free Ricci curvature as TZicxu ■= Ricxu — jdXuTZ ■ We denote Weyl curvature by 

It is easy to see that contortion has the antisymmetry property Kx^iv = 
—K^^x and that 

= iiu — K^vfi ■ (8) 

Formulae (|), (|) allow us to express torsion and contortion via one another. 

A connection is said to be metric compatible if Vxg^v = 0. A metric com- 
patible connection is uniquely determined by metric and torsion or metric and 



contortion, sec Section 7.2.6 in |18 for details. In the metric compatible case 
contortion can be written as 

A-V = rV-m. (9) 
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where 

A 1 1 



, • ^^^'^{dt,gyn + d,,g^,^,-d^gf,y) (10) 

is the Christoffel symbol. 

The choice between using torsion and using contortion is a matter of taste. 
When working with metric compatible connections using contortion is somewhat 
more convenient because formula (^) is so simple and natural. 

Given a scalar function / : Af — > M wc write for brevity 

y / y /v/|detg| dx°dx^dx'^dx^, det g := det{g^^). 

Throughout the paper we work only in coordinate systems with positive 
orientation. Moreover, when we restrict our consideration to Minkowski space 
we assume that our coordinate frame is obtained from a given reference frame 
by a proper Lorentz transformation. 

We define the action of the Hodge star on a rank q antisymmetric tensor as 



(*g)p,+,...M4 iq^r' V\detg\ Q^-'''e^,...^, , (11) 
where e is the totally antisymmetric quantity, £0123 := +1. 

4 Proof of the main theorem 

This section is devoted to the proof of Theorem 

Let us first examine what happens when we fix the metric and vary the 
connection. The explicit formula for the variation of the action SS resulting 
from the variation of the connection is 

11 » 11 . 

<55 = 2^c, J tr((i?(^))^''(5i?(^'))^,) =2^c, J tr((i?(^))^''(Ji?)^,) 

11 
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where ^ym is the Yang-Mills divergence. 



V I detg I 

Here, as in |9j, we use matrix notation to hide the two internal indices. 
We start our variation from a spacetime with a metric compatible connection 
(see Definition |2.1| ) and this fact has important consequences. We have R^^'^ = 
for j = 7, . . . , 11 (see Appendix ^ for details). The remaining curvatures 
R^^\ j = 1,... ,6, are antisymmetric in the internal indices and, moreover, 
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the action of the Yang-Mills divergence preserves this property. (This is, of 
course, a consequence of the fact that antisymmetric rank 2 tensors form a 
subalgebra within the general Lie algebra of rank 2 tensors.) Therefore, in order 
to prove that we have a stationary point with respect to arbitrary variations of 
the connection it is necessary and sufficient to prove that we have a stationary 
point with respect to variations of the connection which are antisymmetric in the 
internal indices, i.e., variations satisfying gnxi^^)^ tj,iy+gux{ST)^ tj.K. = 0. But this 
means that it is necessary and sufficient to prove that we have a stationary point 
with respect to variations of the connection which preserve metric compatibility. 
So further on in this section we work with metric compatible connections only. 

We start our variation from a spacetime which is a pseudoinstanton, therefore 
for some Z G {1, . . . , 6} we have 



= 0, Vj ^ /. (12) 



Let us rewrite formula (0) as 



5 = Q||i?|P + ^(c,-Q)||i?(^'f (13) 



and vary the metric and the connection. Formulae (12), ( |13[ ) imply that 5S = 
Q (5(||i?p). So in order to prove Theorem 2.1 it is sufficient to show that our 



pseudoinstanton is a stationary point of the Yang-Mills action ||i?|| . 
The remainder of the proof is an adaptation of Mielke's argument 
Let us first assume for simplicity that our manifold is compact. For compact 

manifolds with metric compatible connections we have the identity 

\\Rf ^^\\R^*R*\\^ ±{R,*R*), (14) 

where *R* is defined in accordance with formulae (^9|), (^), (p5|). It is known 
that (-R, *i?*) is a topological invariant: it is, up to a normalizing factor, the 
Euler number of the manifold, see Section 5 of Chapter XII and Note 20 in 
[ pO| . (Actually, the Euler number of a compact Lorentzian manifold can only 
be zero, see |2l|, p. 207.) So it remains to show that a pseudoinstanton is a 
stationary point of the functional ||i? =F But this is a consequence of the 

fact that irreducibility of Riemann curvature implies *R* = ±i?, see Appendix 
^ for details. 

In the case of a noncompact manifold one should understand the identity 
( p^ in the Euler-Lagrange sense. The statement that (R, *R*) is a topological 
invariant means now that this functional generates zero Euler-Lagrange terms. 
Euler-Lagrange arguments are purely local and the fact that {R, *R*) does not 
contribute to the Euler-Lagrange equations is unrelated to the compactness or 
noncompactness of the manifold. 

The proof of Theorem pTl] is complete. 
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5 The Weyl pseudoinstanton 



In order to start constructing pseudoinstantons we need to choose the irreducible 
subspace R^'^ into which we wiU attempt to fit our Riemann curvature. We 
choose to look first for pseudoinstantons in the subspace of Weyl curvatures R*^^-* . 
This choice is motivated by the observation that of the six possible subspaces 
R('\ I — 1, . . . ,6, generated by a metric compatible connection the subspace 
R*^"^^ has the highest dimension, so it will be easier to fit our curvature into this 
subspace. 

Let R be the Riemann curvature generated by a metric compatible connec- 
tion . Then R e R(^' if and only if 

R^ = R, (15) 
Ric = 0, (16) 
e^^^^R.x^.. = 0, (17) 

where transposition is defined in accordance with formula (^). Equation ( p^ ) in 
the above system can, of course, be replaced by the pair of equations *R* = —R, 
7^ = 0. 

Definition 5.1 We call a metric compatible solution of the system (|7^-(p^ a 
Weyl pseudoinstanton. 

This terminology is motivated by the fact that such Riemann curvatures are 
purely Weyl. 

In the next two sections we construct explicitly two families of Weyl pseudo- 
instantons. 



6 The vacuum Einstein equation 

In this section we look for Riemannian Weyl pseudoinstantons, that is, for Weyl 
pseudoinstantons with zero torsion. In this case the connection is Levi-Civita 
and equations ([l5|), ( p^ ) are automatically satisfied. This leaves us with equation 
(^6|) which is the vacuum Einstein equation. 

Thus, the vacuum Einstein equation is simply the explicit description of a 
Riemannian Weyl pseudoinstanton. 



7 Torsion waves 

In this section we look for non-Riemannian Weyl pseudoinstantons, that is, for 
Weyl pseudoinstantons with non-zero torsion. Throughout the section we work 
in Minkowski space which we define as a real 4-manifold with global coordinate 
system (x'^ , , x'^ , x^) and metric 

g^, = diag(+l, -1,-1,-1). (18) 
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Note that our definition of Minkowski space specifies the manifold Ad and the 
metric g, but does not specify the connection F. 

The construction we are about to carry out is, in a sense, the opposite of what 
we did in the previous section: in Section ^ we looked for Weyl pseudoinstantons 
with non-trivial metric and zero torsion, whereas now we will be looking for Weyl 
pseudoinstantons with trivial metric ( p^ and non-zero torsion. It is important 
to emphasize that the fact that the metric is constant does not imply that 
curvature is zero because the connection coefficients appearing in are not 
necessarily Christoffel symbols. 

Formulae (|To|), (|l|) imply = T^^^, so in the Minkowski setting 

the system (|l5|)~([l7|) is a system of first order partial differential equations for 
the unknown contortion. There are two difficulties associated with this system. 
Firstly, it is overdetermined: the number of independent equations is 15 + 10+1 
whereas the number of unknowns (independent components of the contortion 
tensor) is only 24. Secondly, it has a quadratic nonlinearity resulting from the 
commutator in the formula for Riemann curvature (last two terms in the RHS 
of formula (0)). 

The second difficulty is fundamental, however it can be overcome by means 
of the linearization ansatz suggested in ]l7| , p^ . Namely, one seeks the un- 
known contortion in the form = Yle{v^l7\) where ?; is a complex-valued 
vector function and i 7^ is a constant complex antisymmetric tensor satisfy- 
ing *L — ±iL. Then the nonlinear system (p^)-(p^) turns into a linear system 
for the vector function v. The coefficients of this linear system of partial dif- 
ferential equations depend on the tensor i as a parameter, and this parameter 
dependence is also linear. 

It is interesting that the idea of seeking the unknown rank 3 tensor in the 
form of a product of a vector and a rank 2 tensor ( "separation of indices" ) goes 
back to Lanczos, see formula (XI.l) in his paper [^. Unfortunately, Lanczos 
did not develop this idea. He restricted his analysis to the following observation: 
"Such solutions cannot be studied on the basis of purely linear operators . . . 
Hence they are outside the limits of the present investigation." 

Explicit calculations jlj, |l^ produce a Weyl pseudoinstanton which can be 
written down in the following compact form. This metric compatible spacetime 
is characterized by metric ( [T^ ) and torsion 

= ^Re{u^{du)^,) (19) 

where u is a non-trivial plane wave solution of the polarized Maxwell equation 

*du = ±idu. (20) 

Here d is the operator of exterior differentiation, u is a complex-valued vec- 
tor function, "plane wave" means that u{x) — we~~^^'^ where w is a constant 
complex vector and fc is a constant real vector, and "non-trivial" means that 
du ^ 0. 
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Let us stress that the spacetime (p^)-(pO|) is a sohition of the full nonlinear 
system (p^)-(p7|), and, consequently, a solution of the full nonlinear system 

(ID- 

A detailed analysis of the solution (^-(^ carried out in shows 
that it may be interpreted as the neutrino. This interpretation is based on the 
examination of the corresponding Riemann curvature 

Rh^x,,^ ^'Re{{du)f,x{du)fj,^). (21) 

Clearly, {du)K\{du)^i, is a factorized Weyl curvature, which according to Lemma 



C.l makes it equivalent to a spinor ^ = ( ^2 j rj — i ). It turns out that 



this spinor function satisfies the appropriate half of Weyl's equation ^^^df^^^' = 0, 
that is, 



dot] - {a^di + (7^82 + o-'"^ 93)77 = 0. 



or 



Remark 7.1 It is known (see, for example, j^^) that in a non-Riemannian 
spacetime with metric compatible connection Weyl's equation has an additional 
term with torsion. However, this additional term involves only the axial compo- 
nent of torsion which in our case is zero. See Appendix B.2 in ^ or Appendix 
iB in our paper for irreducible decomposition of torsion. 



In interpreting the solution (g^-(|2C|) as the neutrino we chose to deal with 
curvature rather than torsion because curvature is an accepted physical ob- 
servable. If we also accept torsion as a physical observable then the situation 
changes. Given a plane wave solution u of the polarized Maxwell equation ( pO[ ) 
we can always add to it the gradient of a scalar plane wave, which changes 
torsion (|9|) but does not change curvature (|l|). Thus, different torsions can 
generate the same curvature, and having accepted torsion as a physical observ- 
able we have to treat these solutions as different particles. This might explain 
the subtle difference between the electron, muon and tau neutrinos. 

Recently there has been a series of publications ^ in which 

the authors constructed other types of torsion waves. Our torsion waves (p^- 
( pO[ ) are fundamentally different from those in |2^, |2^, |2^, . The differences 
are as follows. 

• The action in ^ ^ is more general in that it contains terms 
with torsion and nonmetricity. However, the solutions found in these 
publications become Riemannian for our action ([l]). 

• The metric in ^ |2^, is non-constant and the connection is 
not metric compatible, whereas our metric is constant and connection is 
metric compatible. 
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• The torsion in |2^, |2^, ^ is purely trace, whereas ours is purely 
tensor. 

• Our torsion and Riemann curvature are monochromatic plane waves, i.e., 

T{x) = T' cos{k ■ x) + T" sm(k ■ x), 
R[x) = R' cos{k ■ x) + R" sm{k ■ x) , 

where T' , T" , R' , and R" are constant real tensors. In H, ||, H, ||| 
torsion and curvature are more complex. 

The most important feature of our torsion wave (|l^-(^0|) is the fact that 

i? e R(i) ©R(^) ©R(3). (22) 

The RHS of formula (^) is the space of Riemann curvatures generated by 
Levi-Civita connections. Formula (|2^) means that the curvature generated by 
our torsion wave has all the symmetry properties of the usual curvature from 
Riemannian geometry. Therefore, in observing such a torsion wave we might not 
interpret it as torsion at all and believe that we live in a Riemannian universe. 
The torsion waves in ||2j, |2^, |2^, |2^, |2|] do not possess the property (p^). 



8 The Ricci pseudoinstanton 

Let R be the Riemann curvature generated by a metric compatible connection. 
Then R e R(i) if and only if equations (|l|), (|l^), and 

7^ = 0, (23) 
W = (24) 

are satisfied. The last three equations in the system (|l5|), (|lj), (|2^), (HJ) can, 
of course, be replaced by the equation *R* — R. 



Definition 8.1 We call a metric compatible solution of the system i\lq), ([^ 
Pqj, ^4) Ricci pseudoinstanton. 



This terminology is motivated by the fact that such Riemann curvatures are 
completely determined by the trace free Ricci tensor. 

We cannot produce torsion wave solutions of the system (^, (p7|), (p3[). 



24[ ). More precisely, our linearization ansatz |17, |19| when applied to this 
system does not produce non-trivial {R ^ 0) solutions. There are, however, 
Riemannian solutions. 

Definition 8.2 We call a Riemannian spacetime a Thompson space if its scalar 
and Weyl curvatures are zero. 
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Thompson noticed that such spaces satisfy equation (||). Later Fairchild 
addressed the question whether Thompson spaces satisfy equation (^). He first 
thought that they do not, but in a subsequent erratum Q concluded 
that Thompson spaces do indeed satisfy equation (3). Thompson and Fairchild 
carried out their analysis for the Yang-Mills case (B) but the result remains true 
for arbitrary weights Cj because Thompson spaces are Ricci pseudoinstantons. 

The physical meaning of Thompson spaces is unclear. It has been suggested 
by Thompson |l^ , Pavellc jl^ , and Fairchild |l^ that these are nonphys- 
ical solutions. 

It is worth noting that in appropriate local coordinates the metric of a 
Thompson space can be written as — e^^ diag(+l, — 1, — 1, — 1) where / 
is a real scalar function satisfying □/ + ||grad/|p — 0. Here □ := 9^9'' , 
(grad/)^ := 9^/, := w^w'" , and the raising of indices is performed with 

respect to the Minkowski metric (|l^). Our problem (^), (H) is conformally in- 
variant (see Remark ^]^), therefore the natural thing to do is to rescale the 
metric and view such a solution as a scalar field on a manifold with Minkowski 
metric. 



9 Einstein spaces 

In this section we look for solutions of the system (||), (^) which are not pseudo- 
instantons. As this is an exceptionally difficult mathematical problem we restrict 
our search to Riemannian spacetimes. 

Lengthy but straightforward calculations give the following explicit repre- 
sentation for equations (||), (||): 

(ci + C3) W''^^''7^^c,^ + n TZic^" = 0, (25) 



(ci + C3)(Va7^zc„^ - VJlicx^j) 



'Cl C2 £3 

.4 6 12 



) {g.^.^xn - gx^d^n) = 0. (26) 



Weyl curvature has been excluded from equation (26) by means of the Bianchi 
identity. Note that this "trick" does not work for a general afhne connection, 
nor does it work for a general metric compatible connection. 

Definition 9.1 We call a Riemannian spacetime an Einstein space if its Ricci 
curvature and metric are related as 

Ric = Kg (27) 

where A is some real "cosmological" constant. 

Alternatively, an Einstein space can be defined as a Riemannian spacetime 
with 

Uic = 0. (28) 
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Formula (^8|) and the contracted Bianchi identity imply 

7^ = 4A (29) 



with some constant A. The pair of conditions (p8[), ( |29| ) is, of course, equivalent 
to condition (p7|). 

Clearly, equations (p8|), ( p9|) imply equations (p5|), (p6|), so Einstein spaces 
are solutions of our problem (g), (^). Thus, our model with arbitrary weights 
Cj inherits the main feature of the Yang-Mielke theory of gravity. 

Remark 9.1 The fact that Einstein spaces are solutions of the system (Q), ^) 
in the case of arbitrary weights Cj was already known to Buchdahl BuchdahVs 
review appears to have escaped the attention of subsequent researchers in the 
subject area. 



10 Discussion of the Riemannian case 

We have found two families of Riemannian solutions to our problem §), (|), 
namely, Thompson and Einstein spaces. Thompson spaces fit into our pseudo- 
instanton scheme whereas Einstein spaces do not (their Riemann curvature has, 
in general, two non-trivial irreducible pieces). It is natural to attempt to explain 
why Einstein spaces are solutions without having to write down explicitly the 
Euler-Lagrange equations. The explanation is as follows. In order to adapt the 
arguments from Section |^ to the case of an Einstein space it is necessary and 
sufficient to show that 

(c2-c3)9(||i?(2)|P)/9.g - 0, (30) 
(c2-C3)9(||i?(^)f)/ar = 0. (31) 

The case C2 — C3 is trivial, so further on in this paragraph we assume 02^03. 
The reason why equations (pO|), ( ^ ) are satisfied for an Einstein space is that the 
irreducible piece i?'^' has a very simple structure. We have ||_R(^)||^ = — | J "R? , 
and elementary calculations show that the system (5^, (|3lj) is equivalent to 



nUic = 0, (32) 
dn = 0. (33) 



These equations are clearly satisfied under the conditions (|28|), (p9[). 

In establishing that Thompson spaces are solutions of the system (^, 
we relied on our general pseudoinstanton construction, without analyzing the 
actual Euler-Lagrange equations which in the Riemannian case have the explicit 
representation (|2^), (p6|). It may be worrying that the inspection of equation 
( P6[) does not immediately confirm that for a Thompson space this equation is 
satisfied. These fears are laid to rest if one rewrites equation (^ ) in equivalent 
form excluding the trace free Ricci curvature by means of the identity 

VA7^^c,^ - V,7^^CA^ = -^{g^^^dxTl - gx^d^TZ) + 2V,WkA;." (34) 
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(consequence of the Bianchi identity). This turns equation (|2^) into 

(ci + c3)v,>v.am" + ^^Y^ {g.t^dxn - gx^^d^n) = o 

which is clearly satisfied under the conditions ( p^) , (p^). 

An interesting feature of the system (^5|), ( |26| ) is that it does not contain 
the parameters ci, C2, C3 separately, only their combinations ci +C2 and Ci + C3. 
This warrants an explanation which goes as follows. We know (see Section ||) 
that for spacetimes with metric compatible connections the expression 

\\R+*R*\\'' -\\R~*R*f 

is a topological invariant. Therefore, 

5{\\R + *R*f)^K\\R-*R*\?)- 

If we start our variation from a Rieniannian spacetime then the latter formula 
becomes 

^(||i?(l)f ) =^(||i?(2)||2) + ^(p(3)||2)_ (35) 

Formula (^5|) was written under the assumption that variation preserves metric 
compatibility, however arguments presented in the first paragraph of Section Q 
show that it remains true for arbitrary variations. Formulae (^, ( ^5| ) imply 

6S = (ci + C2) 5(||i?(^)|p) + (ci + ca) (5(||i?(3) f ) 

which explains why the resulting Euler-Lagrange equations contain only the 
combinations of weights ci + C2 and ci + C3. 

Finally, let us give a simple characterization of Thompson and Einstein 
spaces. It is easy to see that these spaces are of opposite double duality: we 
have 

*R* = +R, (36) 
*R* = -R (37) 

for Thompson and Einstein spaces respectively. Moreover, a Riemannian space- 
time is a Thompson space if and only if it satisfies condition ( ^6|) , and an Einstein 
space if and only if it satisfies condition (Is^) . 



11 Uniqueness 

We have constructed in total three families of solutions to our problem (2), (^: 
torsion waves in Minkowski space (Section Thompson spaces (Section S), and 
Einstein spaces (Section |9|). The question we are about to address is whether 
these three families are all the solutions of the problem (^ , (||) within suitable 
classes of solutions. As questions of uniqueness in metric-affine field theory are 
notoriously difficult we will be forced to argue mostly at the level of conjectures. 
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Conjecture 11.1 For generic weights Cj torsion waves constructed in Section 
1^ are the only solutions of our problem among connections of the type 

T{x) ^T'cos{k-x)+r"sm{k-x), fc 7^ 0, R{x) ^ 

in Minkowski space. 



Conjecture |ll.l is motivated by the fact that in the Minkowski setting 



the system (g), (|3|) is heavily overdetermined: it is a system of 9 + 64 equations 
with only 64 unknowns. 

The construction carried out in Section |^ is effectively based on the use of 
hidden symmetries of our problem, and there is no obvious way of generalizing 
it unless there are some additional symmetries due to a special choice of weights 
Cj. An example of such a special choice is the Yang-Mills case (^. Theorem 1 
from establishes that in this case the problem (||) , ^) has a wider family of 
torsion wave solutions than those described in Section Thus, the Yang-Mills 
case is not generic in the sense of Conjecture |l 1 . l| . 

The fact that in the Yang-Mills case the proble m (p[ ), (j^) has too many 
torsion wave solutions leads to serious difficulties. In ]17| we were unable to 
attribute a physical interpretation to all these solutions, and, in order to reduce 
the number of solutions, were forced to introduce the vacuum Einstein equation 
( p^ as an additional equation in our model. In the current paper this difficulty 
has been overcome by switching from the Yang-Mills action to the action 
(0) with arbitrary weights Cj . In this case the only general tool at our disposal is 
the pseudoinstanton construction which naturally leads to the vacuum Einstein 
equation ([l^). 

Conjecture 11.2 For generic weights Cj Thompson and Einstein spaces are 
the only Riemannian solutions of our problem (^j, 



Conjecture 11.2 is motivated by the following arguments. Suppose 

ci + C2 ^ 0, ci+C3^ 0. (38) 



Then the system ( |25[) , (|26| ) is equivalent to the following system: equation ( P9| 



with some constant A and equations 

W^f'^'Uic^f, +cn TZic^" = 0, (39) 



^xTZic^f, - V^TZicx^ = 0, (40) 

where 

Cl + C2 



6(ci + C3) 



^ (41) 



is a dimensionless parameter. (Of course, by virtue of the identity (|34| ) the 
pair of equations (09) and (|40|) is equivalent to the pair of equations (p9[) and 
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VjyWKA/i'^ = 0.) The constant A in (^9|) is either or it scales to ±1, so the 
system (py), (pO|) effectively contains only one free parameter, c. The 



number of independent equations in (p9D, p9|), (40) is 1 + 9 + 16 whereas the 
number of unknowns (independent components of the metric tensor) is only 10. 
It is hard to imagine how this overdetermined system can have solutions without 
the symmetry (^) or (^, except for some special values of the parameter c. 

The search for special values of c for which our problem has more Rieman- 
nian solutions than expected is similar to the Cosserat problem in the theory 
of elasticity, which is the study of the elasticity operator with Poisson's ratio 
treated as the spectral parameter; see and the extensive bibliographic list 
therein for details. In our case the parameter ( |4l| ) plays the role of Poisson's 
ratio. 

As an illustration let us consider the 2 + 2 decomposable case when our 
4-manifold is the product of two Riemannian 2-manifolds, see [|ll[ or for 
details. Straightforward calculations establish the following result within this 
class of solutions: 

• if c 7^ — i then Thompson and Einstein spaces are the only solutions of 
the problem (||), (^), whereas 

• if c = — ^ then Thompson and Einstein spaces are not the only solutions 
of the problem (|), (|). 



We see that the case c = — i is not generic in the sense of Conjecture 11.2 
It is interesting that condition (Q) implies condition ( p8| ) as well as c ^ 



it may be that the Yang-Mills case is generic in the sense of Conjecture 11.2. 

One should have in mind that the problem of uniqueness is very delicate even 
in the Yang-Mills case (^ and even within the class of Riemannian solutions. 
Fairchild's attempt ||l2| at establishing uniqueness for the problem (||), (|^) was 
unsuccessful: the result and its proof were incorrect and the author had to 
publish an erratum [|l3[. 



12 The Bach action 

In this section we consider the case when the weights appearing in formula (Q) 
are 

C3 = 1 and Cj = 0, yj ^ 3. (42) 
In this case our action becomes 

S=\m^ (43) 

where W = i?*-^-* is the Weyl curvature. The action ( |4^ ) is called the Bach action. 
If one assumes the connection to be Levi-Civita and varies ( ^^ with respect to 
the metric then the resulting Euler-Lagrange equation is the classical Bach 
equation pU; see also [BOl for an account of the modern state of the subject. 
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Our approach is to vary the metric and the connection independently, which 
leads to the metric-afRne version (||), (||) of the Bach equation. 

All the general results obtained in this paper apply to the Bach case (p2[). 
However, the peculiarity of this case is that any spacetime with zero Weyl 
curvature is a solution of the metric-afhne Bach problem (^; here we do 
not have to make any assumptions concerning the other irreducible pieces of 
curvature as we did in Section |^. Accordingly, the analysis of Riemannian 
solutions has to be modified (note that in the Bach case the first condition 
is not satisfied). Equations (|2^), (|26| ) are now equivalent to 

>V"^^''7^^c,^ = 0, (44) 
VxTZic,^ - W^TZicx^ + ^{g^^dxTZ ~ gx^^d^TZ) = 2V,>V«am" = 0, (45) 



where we made use of the identity (34). Equation ( f45| ) does not imply that the 
scalar curvature is constant, so we lose the equation (|9|) which we previously 
derived under the assumption ci + C2 7^ 0. Nevertheless, the system (^4|), ( ^51 ) 
remains heavily overdetermincd. It is natural to state the following 

Conjecture 12.1 In the Bach case ( j^^ the only Riemannian solutions of our 
problem are conformally flat spaces and Einstein spaces. 



Though providing a rigorous proof of Conjecture 12.1 might be very difficult, 
one can easily check that it is true within the class of 2 + 2 decomposable 
solutions. 

Recall that the classical Bach equation has far more solutions than stated in 



Conjecture 12.1. Spacetimes which are conformally related to Einstein spaces 
are solutions, as are some non-trivial spacetimes found in and Note 
that the paper ||3^ is based on the 2 + 2 decomposition. 

There is, of course, a fundamental difference in the role played by the Bach 
action in the classical (Riemannian) and metric-affine settings. In the classical 
setting the Bach action is very special in that it is constructed from the only 
conformally invariant irreducible piece of curvature, whereas in the metric-affine 
setting it loses its special status because all the irreducible pieces of curvature 
become conformally invariant; see also Remark |l.l| . 
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A Irreducible decomposition of curvature 

We give below an overview of Appendix B.4 from [Q, and present the results in 
a form suitable to our needs. 
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A Riemann curvature generated by a general afRne connection has only one 
(anti)symmetry, namely, 



-RkA^i/ — —RkXv^i ■ (46) 
For a fixed x G M we denote by R the 96-dimensional vector space of real rank 



4 tensors satisfying condition (46), and we equip R with the natural indefinite 
inner product 

(i?,Q), :=i?%,Q\^''. (47) 
We have the orthogonal decomposition R = R+ ® R^ where 

R^ = {i? G R|i?KA/ii/ = iR\K,fiv}- 

It is easy to see that dimR+ = 60 and dimR^ = 36. 

The subspaces R+ and R~ decompose further into five and six irreducible 
subspaces respectively. We are mostly interested in R~ as this is the vector space 
of curvatures generated by metric compatible connections, so what follows is a 
description of the irreducible subspaces of R~ . 

Put 

{R'^)KXfiiy '■= R/iukX , (48) 

(*i?)KAM. i Videtgl e^'^\x i?«'AV. , (49) 

(i?*).AM. := ^ Videtgl R^xt^'u' e'^'"'^. ■ (50) 

The maps 

R i?^, (51) 

R ^ *R, (52) 

R ^ R* (53) 

are endomorphisms in R~ . We call them transposition, left Hodge star and right 
Hodge star respectively. The left Hodge star acts on the internal (Lie algebra) 
indices of curvature, whereas the right Hodge star acts on the external ones and 
is the Hodge star used in abstract Yang-Mills theory. 

The eigenvalues of the map (|5^) are ±1, whereas the maps (|2|) and ( p3|) 
have no eigenvalues at all (as we are working in the real setting ±i are not 
eigenvalues). This impediment is overcome by working with the map 

R *R* (54) 

rather than with the maps (^2|) and (^) separately. Here 

*R* := (*i?)* = *(i?*), (55) 
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and the order of operations does not matter because the maps ( p2[ ) and ( p3| ) 
commute. We call the endomorphism (|5^) the double duality map. Its eigenval- 
ues are ±1. 

Clearly, the maps and (p4|) commute and square to the identity, so 



R" = © R„h where 

a,b=± 

R-ab = e R"|i?^ = aR, *R* = bR}. 

The maps ( |5l| ) and (54) are formally self-adjoint with respect to the inner prod- 
uct (47) so the subspaces R++, R-+_, Rl+i and Rl_ are mutually orthogonal. 
Their dimensions turn out to be 9, 12, 9, and 6 respectively. 

For a Riemann curvature R G R-++ the corresponding Ricci curvature is 
symmetric trace free, and it completely determines R itself according to the 
formula 

RnXfj.u = -j^ig^^Ricxu - g\^j.RicK.u - gKuRicxfj. + gxuRic^^j). 

For a Riemann curvature R £ RZ_ the corresponding Ricci curvature is anti- 
symmetric, and it completely determines R itself according to the same formula. 
The subspace Rl_|_ is the image of R+_|_ under either of the maps ( p2| ) or (^3|). 
We see that each of the subspaces R+_|_, RI+, RI_ is equivalent to a space 
of real rank 2 tensors, either symmetric trace free or antisymmetric. Therefore 
these three subspaces are irreducible. 

The only subspace which decomposes further is R^_. : 

— Rscalar © I^Wcyl © I^pscudoscalar ■ 

Here Rscalar ^ud Rpscudoscaiar ^rc thc l-dimcnsional spaces of real Riemann 
curvatures R^Xfiv proportional to 5„^.gAi/ - 5am5ki^ and respectively, and 

R-Weyi is their 10-dimcnsional orthogonal complement. 

The decomposition described above assumes curvature to be real and metric 
to be Lorentzian. If curvature is complex or if det <? > then the decomposition 
in somewhat different. In particular, the subspaces Rwcyi and RZ_ decompose 
further into eigenspaces of the Hodge star (left or right). 

In order to simplify notation in thc main text we will denote the subspaces 

■^++ ' I^scalar i I^Wcyl ; -f^pscudoscalar i -f^ — \- i 

by R'--'-', i = 1,... ,6, respectively, and the five subspaces of R+ by R(^\ 
j = 7,... ,11. 

Thus, at each point x Q M the vector space of Riemann curvatures decom- 
poses as R = R'-^-' © ... © R^-'^^). Consequently, a Riemann curvature R can be 
uniquely written as i? = R'^^^ + . . . + i?^") where € R^J), j = 1, . . . ,11, are 
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its irreducible pieces. The explicit formulae for the first six pieces are 

R^'^Kxfj.u = j^ignfigxu - gxfj.gK.i^)Tl , 

^ i?-i?(l)-i?(2)_ij(4)^ 

-R^'^'kA^i/ = -^Vl det^l e^Xfj^tylZ, 

R'^^Kxfiv = -j{gKp,Ricxu - gxtiRicKu - gnvRicxfi + gxi^Ricnti), 

where 

RnXfiu '^(RkX^i' RxKfiu ^ R^iukX RufiK,x) 7 
RnXfiv — "^{RnXfiiy Rxk^u RfiuKX ~f Ru^kx) : 

Ricxi, = R'^ Xkv , TZ = Ric^x ^ R'^^kX , TZicxy = Ricxv - jgxu'Tl , 

RiCXv — R'^Xkp 1 

Of course, in the Riemannian case curvature has only three irreducible pieces, 
namely, R'^^\ R^'^\ and R^^l 

B Irreducible decomposition of torsion 

According to Appendix B.2 from 0| the irreducible pieces of torsion are 

T'^^'^Xfiiy = gxtiV„ - gxi^Vf^, (57) 
t(3) = ^w, (58) 

where 

1 



v, = - T^xu , u'. = g Vldet^l T'^^'^ e^a^. ■ (59) 

The pieces r(i), r(2) and t(3) are called tensor torsion^ trace torsion and axza/ 
torsion respectively. 

We define the action of the Hodge star on torsions as 

(*T)ap. ^ V|detg| Ta^v e^'^'p,. • (60) 
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The Hodge star maps tensor torsions to tensor torsions, trace to axial, and axial 
to trace: 



(*r)(i) = (61) 
{*T)^'^\^^ = g\f,w^ - gx„Wi_„ (62) 
(*T)(^) = (63) 



Note that the * appearing in the RHS's of formulae (58) and (|63|) is the standard 



Hodge star ( |llD which should not be confused with the Hodge star on torsions 
®. 

The decomposition described above assumes torsion to be real and metric to 
be Lorentzian. If torsion is complex or if det g > then the subspace of tensor 
torsions decomposes further into eigenspaces of the Hodge star. 

Substituting formulae (|5^)-(|5^) into formula (^), and formula (^) into for- 
mulae (^9|) we obtain the irreducible decomposition of contortion: 

= K-K^^'>-K^^\ (64) 
K'^^''x^„ = gx^^Vu - gi,^,vx, (65) 

iff^^ = i * w, (66) 

where 



v,^^ K\,, w,^^ V|det5| K^^'' e^Am-^- (67) 

The irreducible pieces of torsion (|5^)-(|58|) and contortion (|6^-(|66|) are re- 
lated as 

T^^^ X^v — -^^"'^/^Ai^, j — f;2, ^ Xfiu — 'IK^ ^ X^u 

(note the order of indices). 



C Spinor representation of Weyl curvature 

Throughout this appendix we work in Minkowski space, see (p^). We follow 
Section 17 of [ p3[ in our spinor notation, and we use the Latin letters a, 6, c, 
d for spinor indices; these run through the values 1, 2. The Pauli and Dirac 
matrices are 

i/Ol\ 2 f ^ ~i\ 3/10 

^ =' 1 ' ^ ' ' -1 



7°=( 0^ ), 7^ = ( ; ), J- = 1,2,3. 



21 



We write rank 1 bispinors as columns 



Vi 
V / 



The Dirac conjugate of ?/; is with the "overhne" standing for complex 

conjugation. 

Given a pair of tensor indices k, A let us consider the matrix ^^/'^'y^^K^A ^^^^ 
write it in block form 



(68) 



The diagonal blocks in the RHS of formula (|68| ) are symmetric for k ^ X and 
antisymmetric for k ^ X. The off-diagonal blocks are zero for all k, A. 

It is easy to see that the matrix j'^^'^ represents a Lorentz invariant linear 
map from the complex vector space of rank 1 bispinors to the complex vector 
space of conjugate rank 1 bispinors. Consequently, for an arbitrary rank 2 tensor 
Q the matrix 7*'7^7'^7^QkA has the same mapping property. This explains the 
choice of spinor indices in formula (68). 

Let us recall the spinor representation of an antisymmetric rank 2 tensor, 
see Section 19 of and Section 7 of for details. A complex antisymmetric 
rank 2 tensor F is equivalent to a symmetric rank 2 bispinor 



the relationship between the two being 



(69) 



/'02k An j^ab , / 2 k X\db 

[l 1 1 1 )ab(l> +(7777) Xab 



(70) 



Note that ~ iF if and only if x = 0, and *F = —iF if and only if 0. 
We say that a complex rank 4 tensor is a Weyl curvature if it satisfies 



i?"\A = 0, 



^K,XfJ,iy 



R 



= 0. 



(71) 
(72) 
(73) 
(74) 



Formulae ([69|), ( [70| ) allow us to give a spinor representation of Weyl curvature. 
Namely, a complex Weyl curvature is equivalent to a rank 4 bispinor 



bed 
bed 



(75) 



22 



such that 



Qabcd ^bacd ^abdc QCdab ("^6) 

^dfccci ~ ^bdcd ~ ^dbdc ~ ^cdcib ' C^'^) 

C'ab = 0, (78) 

= 0. (79) 



,0,6 



UJ 



ab 



Weyl curvature is expressed via the bispinor ( [75| ) as 

+ {iWi^i^r ^^,d ii'i'rir" ■ (80) 

Note that the spinor conditions (Q), (^) are needed to ensure the fulfillment 
of the tensor conditions (|7|) , (|7|) . Note also that *R = R* = iR if and only if 
w = 0, and *R ^ R* ^ -iR if and only if C = 0. 

We say that the complex Weyl curvature R factorizes if R^Xfiu = -FkA^^j/ 
for some antisymmetric rank 2 tensor F. We say that the spinor C in the 
bispinor ([75I) factorizes if (^"''^'^ — ^"^'"^^^'^ for some rank 1 spinor . We say 
that the spinor lo in the bispinor ( |75| ) factorizes if ^g^/^j^ = VdVbVcVd ^'^^ some 
rank 1 spinor rjd- Examination of formulae (|7l|)-(|80|) establishes the following 



Lemma C.l A complex Weyl curvature factorizes if and only if one of the 
spinors in the bispinor (|?q) factorizes and the other is zero. 



We see that a factorized complex Weyl curvature is equivalent to a rank 1 
spinor or This spinor is, effectively, the fourth root of curvature, and is 
determined uniquely up to multiplication by i", n — 0, 1, 2, 3. 

References 

[11 Hehl, F. W., McCrea, J. D., Mielke, E. W., and Ne'eman, Y. (1995). Phys. 
Rep. 258, 1-171. 

Landau, L. D., and Lifshitz, E. M. (1986). Theory of Elasticity (Course of 
Theoretical Physics vol 7) 3d edn, Butterworth-Heinemann, Oxford. 



Weyl, H. (1919). Ann. Phys. 59, 101-133. 

Eiscnhart, L. P. (2001). Non-Riemannian Geometry 11th printing, Ameri- 
can Mathematical Society, Providence, RI. 

Yang, C. N. (1974). Phys. Rev. Lett. 33, 445-447. 

Mielke, E. W. (1981). Gen. Rel. Grav. 13, 175-187. 

Stephenson, G. (1958). Nuovo Cimento 9, 263-269. 



23 



[8] Buchdahl, H. A. (1959). Mathematical Reviews 20, 1238. 

[9] Thompson, A. H. (1975). Phys. Rev. Lett. 34, 507-508. 
[10] Pavelle, R. (1975). Phys. Rev. Lett. 34, 1114. 
[11] Thompson, A. H. (1975). Phys. Rev. Lett. 35, 320-322. 
[12] Fairchild, E. E., Jr. (1976). Phys. Rev. D 14 384-391. 
[13] Fairchild, E. E., .Jr. (1976). Phys. Rev. D 14 2833. 
[14] Olcscn, P. (1977). Phys. Lett. 71B, 189-190. 

[15] Wilczek, F. (1977). In: Quark Confinement and Field theory, eds. 
D. R. Stump and D. H. Wcingarten, Wiley- Interscience, New York, 211- 
219. 

[16] Atiyah, M. F. (1979). Geometry of Yang-Mills Fields, Accademia Nazionale 
dei Lincei, Scuola Normale Superiore, Pisa. 

[17] King, A. D., and Vassiliev, D. (2001). Class. Quantum Grav. 18, 2317-2329. 

[18] Nakahara, M. (1998) Geometry, Topology and Physics, Institute of Physics 
Publishing, Bristol. 

[19] Vassihev, D. (2001). In: Noncommutative Structures in Mathematics and 
Physics, eds. S. Duplij and J. Wess, Kluwer Academic Publishers, Dor- 
drecht, 427-439. 

[20] Kobayashi, S., and Nomizu, K. (1969). Foundations of Differential Geom- 
etry vol 2, Interscience, New York. 

[21] Stccnrod, N. (1974). The Topology of Fibre Swnd/es 9th printing, Princeton 
University Press, Princeton NJ. 

[22] Lanczos, C. (1949). Rev. Mod. Phys. 21, 497-502. 

[23] Adak, M., Dereh, T., and Ryder, L. H. (2001). Class. Quantum Grav. 18, 
1503-1512. 

[24] Garcia, A., Lammerzahl, C, Macias, A., Mielke, E. W., and Socorro, J. 
(1998). Phys. Rev. D 57, 3457-3462. 

[25] Garcia, A., Hehl, F. W., Lammerzahl, C., Macias, A., and Socorro, J. 
(1998). Class. Quantum Grav. 15, 1793-1799. 

[26] Garcia, A., Macias, A., and Socorro, J. (1999). Class. Quantum Grav. 16, 
93-100. 

[27] Garcia, A., Macias, A., Puetzfeld, D., and Socorro, J. (2000). Phys. Rev. 
D 62, 044021. 



24 



[28] Maci'as, A., Lammerzahl, C, and Garcia, A. (2000). J. Math. Phys. 41, 

6369-6380. 

[29] Levitin, M. R. (1992). C. R. Acad. Set. Ser. 7 315, 925- 930. 

[30] Dzhunushaliev, V., and Schmidt, H.-J. (2000). J. Math. Phys. 41, 3007- 
3015. 

[31] Bach, R. (1921). Math. Zeitschr. 9, 110. 

[32] Schmidt, H.-J. (1984). Ann. Phys. (Leipz.) 41, 435-436. 

[33] Berestetskii, V. B., Lifehitz, E. M., and Pitacvskii, L. P. (1982). Quantum 
Electrodynamics (Course of Theoretical Physics vol 4) 2nd edn, Pergamon 
Press, Oxford. 



25 



